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We revisit the construction of topological Yang-Mills theories of the Witten type 
with arbitrary space-time dimension and number of "shift supersymmetry" generators, 
using a superspace formalism. The super- i?.F structure of these theories is exploited 
in order to determine their actions uniquely, up to the ambiguities due to the fixing of 
the Yang-Mills and BF gauge invariance. UV finiteness to all orders of perturbation 
theory is proved in a gauge of the Landau type. 



1 Introduction 



Observables in topological theories possess a global character, such as the knot invariants of 
Chern-Simons theory, the Wilson loops, etc. The problem of finding all theses invariants is a 
problem of equivariant cohomology, as proposed by Witten in 1988 PQ for Yang-Mills topo- 
logical theory in four- dimensional space-time. Equivariant cohomology is the cohomology 
of a BRST-like operator - the "shift supersymmetry operator", associated to a local shift 
transformation of the connection field - in a space of gauge invariant field polynomials. A 
superspace formulation of Witten's model was proposed by Home j2] and developed later 
on, in particular by Blau and Thompson E] , who extended it to the cases of more than 
one supersymmetry generator and in different space-time dimensions. In various cases these 
topological theories are seen to arise from super- Yang-Mills theories through some twist of 
group representations [H E3 E] , possibly accompanied by dimensional reduction. The reader 
may see 5J for the systematic construction of topological theories from super- Yang-Mills ones 
using this technique. Our proposal is to systematize the superspace construction of actions 

1 Supported in part by the Conselho Nacional de Desenvolvimento Cientffico e Tecnologico CNPq - Brazil. 
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in the most general setting involving an arbitrary number Nt of topological supersymmetry 
generators in any space-time dimension D. Our construction will be direct, not passing 
through the twist procedure. The question of the existence, in each case, of a corresponding 
super- Yang-Mills theory will not be touched. 

The theory intends to describe gauge field configurations with null curvature - or also 
selfdual curvature, in the 4-dimensional case. The null or selfdual curvature condition is 
implemented through a Lagrange multiplier field B which has the same hierarchy of zero- 
modes as the B field of a BF type theory j^j. The point of view usually adopted in the 
literature jTJ 12 EH Hj is that of considering the supersymmetry generator(s) as BRST oper- 
ator^) associated to the local shift invariance, and fixing the latter with suitable Lagrange 
multiplier fields. In the present paper, in order to avoid certain ambiguities which may arise 
in the usual scheme, we shall consider the theory as a rigid supersymmetric theory with two 
gauge invariances, namely the usual Yang-Mills gauge invariance and the gauge invariance 
of the B field, like the one encountered in .BF-theories. Both invariances are supergauge 
invariances, their parameters being superspace functions. We shall see that this is enough to 
define the theory in an unambiguous way, apart from the freedom in the choice of a gauge 
fixing procedure. Moreover, in the case of a gauge fixing of the Landau type, we shall show, 
using supergraph techniques, that perturbative radiative corrections are completely absent. 
The theory thus turns out to be obviously ultraviolet finite. 

A very important point is the systematic characterization of all observables of a topologi- 
cal theory. This has been fully done in |7j for the Nt = 1 theories. Partial results exist in the 
literature. In particular, a set of observables has been given in |H] for the case of Nt = 2 in 
a 4-dimensional Kahler manifold. In the present paper we shall show a rather general set of 
observables, for any value of Nt and any space-time dimension, however without determining 
if it represents the most general set. 

The plan of the paper is the following. After reminding the principal features of the 
original Witten-Donaldson's topological Yang-Mills theory PQ in section |2] and of superspace 
formalism for topological theories in section El we shall show the construction of the action 
as a super-Si 7 " one, with the appropriate gauge fixing, in section HJ Examples of observables 
are given in section and the ultraviolert problem is dealt with in section |3 A discussion 
of the results is done in the concluding section. Some of our conventions and notations are 
given in two appendices. 



2 Shift Supersymmetry 

We are going to review here, for illustrative purpose, how "shift supersymmetry" may de- 
scribe the gauge fixing of gauge field configurations with null curvature, or alternatively with 
selfdual curvature. We shall concentrate on the original Donaldson- Witten model PIE], with 
one supersymmetry generator in four dimensional space-time. 
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2.1 Transformation rules and invariant actions 

We recall that this model implies, beyond the gauge connection a M associated to some gauge 
group G, a fermion 1-form ip^ and a 0-form <ft, with "shift" supersymmetry defined by the 
infinitesimal transformations 

Qa = ij } Qi; = -D(a)<f> = - (d<f> + [a, <f>]) , Q<\> = . (2.1) 

All fields here and in the rest of the paper are valued in the Lie algebra of the gauge group 
- assumed to be a compact Lie group. Details on the notation are given in appendix 1X1 

The usual Yang-Mills gauge transformations read, written as BRST transformations with 
ghost c: 

Sa = -D(a)c, Sip = -[c,ip] , S<j> = -[c, <j>] , Sc = -c 2 . (2.2) 

Whereas the BRST operator S is nilpotent, the fermionic generator Q is nilpotent modulo 
a 0-dependent gauge transformation: 

Q 2 a = -D{a)<j> , Q 2 ip = <P] , Q 2 <P = . (2.3) 

This means that Q is nilpotent when restricted to gauge invariant quantities. Following 
Witten, we may thus interpret the shift supersymmetry invariance as a BRST-like invariance 
in the space of gauge invariant field functionals. The 1-form ip represents the ghost of local 
shift invariance and is its ghost of ghost. Then the following counting of degrees of freedom 
holds: counting 4 degrees of freedom for a, —4 for the ghost ijj and 1 for the ghost of ghost 0, 
we arrive to a total of 1 degree of freedom, which corresponds to the scalar mode of the field 
a - which in turn is eliminated thanks to the usual Yang-Mills gauge invariance. The final 
number zero of local degrees of freedom is of course characteristic of a topological theory. 

In view of the absence of local degrees of freedom, the theory may be defined through an 
action which will be purely of a gauge fixing type. This fixing of the local shift supersymmetry 
may be done introducing Lagrange multipliers fields °&2, °Ao and ~ l i] , together with 

the corresponding "antighost" fields ~ l l>2, 4 ! i, ~ l 4>o an d ~ 2 <Po, where the lower right index 
denotes the form degree and the upper left one the degree of supersymmetry or "SUSY- 
number". The latter number corresponds to a ghost number in the interpretation of shift 
supersymmetry as a BRST transformation. Each "antighost" transforms under Q into its 
corresponding Lagrange multiplier: 

Q -% = % , Q p ~% = p X p (p = 1, 2) , Q - 2 o = ~% , 

(2.4) 

Q% = -[-%,<!>] , Q p X P = -[ p - 1 ^ P ,(f>] , Q^/o = -r 2 0o,0] , 

the transformation rules of the Lagrange multipliers assuring the nilpotency of Q modulo 
a ^-dependent gauge transformation. If one intends to study the instanton gauge field 
configurations, i.e. those with selfdual curvature F = P+F, where P + is defined by flA.6|) . the 
associated "antighost" and Lagrange mutiplier have to be chosen as anti- selfdual: P + _1 ^o = 
0, P + °A = 0. 
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A gauge invariant and Q- invariant action may be taken as (following [I]) 

Q Tr J ( -% F(a) + ~ 2 o D(a) * ^ + Vi *~ x 6 2 + £>(a) *° 4>i 

= Tr I ( %F(a) + -% D{a) * ^ + % D{a) b 2 + °A D(a) *° ^ 

J (2-5) 
+ - 1 6 2J D(a)^+ - 2 0o D(a) *D(a)<p+ Q ^ x D(a) *° b 2 + "Vo 

+ - 2 <M^]- Vifv,*- 1 ^]- -Vo[^,*Vi] 

where -F(a) = da + a 2 is the curvature of the Yang-Mills connection a and * is the Hodge 
duality operator (see appendix^ . One sees that the Lagrange multiplier °b 2 implements the 
zero-curvature condition F(a) = - or the selfduality condition, as in the original Witten's 
paper. 770 is the Lagrange multiplier fixing the zero-mode of if). Morover, x Ai fixes the 
zero-mode of ~ 1 b 2) °Ao that of Finally, fixes the zero-mode of °b 2 and ~ 1 ipo that 
of x Ai. 

This action corresponds to a generalized "Landau gauge" fixing. However, it is still 
possible to add one invariant term quadratic in the Lagrange multipliers without spoiling 
gauge invariance, supersymmetry and SUSY-number conservation. It reads 

Q Tr J | - 2 i, 2 * % = Tr / 1 ( % 2 * % 2 + ~ 2 ^ 2 * [ ^ 0]) . (2.6) 

In this case, which corresponds to a generalized Feynman gauge, the Lagrange mmultiplier 
°b 2 becomes an auxiliary fields, whose elimination through its equation of motion gives rise, 
for £ = 1, to the original action of Witten pQ, which describes self dual configurations when 
choosing the Lagrange multiplier °b 2 and its corresponding "antighost" as anti-selfdual 
2-forms. 



2.2 Observables 



According to Witten, the algebra of observables of the theory is generated by sets of gauge 
invariant forms Wp (0 < p < 4, n integer) obeying "descent equations" 

Qw^ + dw^^O (4>p>l), Qw { ^ = 0, (2.7) 
and are uniquely fixed up to total derivatives by 

«,<»> = <7<»>(0 , 

where C^ n \<f>) is an invariant corresponding to a Casimr operator of the gauge group. 
Each p-form u>™ being then integrated on some p-dimensional submanifold M p , represents 
an equivariant cohomology class and defines a basis element of the algebra of observables. 
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3 iVy-Extended Supersymmetry 



Our purpose in this section is to review and develop a superspace formalism describing 
topological theories such as Wittens's theory described in section |21 and generalizations of 
it for more than one supersymmetric generators and for any space-time dimension, starting 
from the formalism described in [2 EJ U\ ■ 

3.1 Nt Superspace formalism 

Nt supersymmetry is generated by the fermionic charges Qi, I = 1, . . . , Nt obeying the 
Abelian superalgebra 2 

[Qi,Qj] = o, (3.1) 

commuting with the space-time symmetry generators and the gauge group generators. The 
gauge group is some compact Lie group. 

A representation of supersymmetry is provided by superspace, a supermanifold with D 
bosonic and fermionic dimensions 3 . The respective coordinates are denoted by (a; M , 
\i = 0, . . . , D — 1), and (9 1 , I = 1, . . . , N T ). A superfield is by definition a superspace 
function F(x, 8) which transforms as 

QjF{x, 6) = djF(x, 9) = ^jF{x, 6) (3.2) 
under an infinitesimal supersymmetry transformation. 

An expansion in the coordinates 9 1 of a generic superfield reads 

N 1 

F(x,6) = f{x) + Y^-^-e^f^jM (3-3) 

n=l 

where the space-time fields fi x .,.i n {x) are completely antisymmetric in the indices l\...l n . 
We recall that all fields (and superfields) are Lie algebra valued. We shall also deal with 
superforms. A p-superform may be written as 

v 

tt p = Y,n p -k;i 1 ...i k d6 h ---dd I « , (3.4) 

where the coefficients Qk-i-,h...i k are (Lie algebra valued) superfields which are space-time 
forms of degree (p — k). They are completely symmetric in their indices since, the coordinates 
6 being anti-commutative, the differentials d9 T are commutative. The superspace exterior 
derivative is defined as 

d = d + d&di , d = dx^ , (3.5) 

2 The bracket is here an anti-commutator. 

3 Notations and conventions on superspace are given in appendix 151 
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and is nilpotent: d 2 = 0. 

The basic superfield of the theory is the superconnection A, a 1-superform: 

A = A + EkIO 1 , (3.6) 

with A = A fl (x,6)dx tl a 1-form superfield and Ej = Ej(x,6) a 0-form superfield. The 
superghost C(x,9) is a 0-superform. We expand the components of the superconnection 
(IXHjl as 

- 1 

A = a(x) + y^-e h ...e In a h .. Jn {x) , (3.7) 

n=l 

where the 1-form a is the gauge connection, and the 1-forms CLi 1 „j n its supersymmetric 
partners. The expansions of Ej and of the ghost superfield C read 

- 1 

El = ei{x) + j2-e I \..e I -e IJl ... In (x) , 

N n=1 (3-8) 
C = c(x) + J2^ h ...9 I -c h ... In (x) . 

n=l 

The infinitesimal supergauge transformations of the superconnection are expressed as the 
nilpotent BRST transformations 

sA = -dC - [C, A] , SC = -C 2 , S 2 = . (3.9) 

In terms of component superfields we have 

SA = -dC - [C, A] , 5Ej = -drC - [C, Ej] , SC = -C 2 . (3.10) 

The supercurvature 

P = dA + A 2 = f(A) + ^ do 1 + $/j de T de J (3.11) 

transforms covariantly: 

SF = -[C,P], 

as well as its components 
F(A) = dA + A 2 , = djA + D(A)Ej , ®u = \ (djEj + djEj + [E T , Ej]) , (3.12) 

where the covariant derivative is defined by D(A)(-) = d(-) + [A, (■)] 

For further use and comparisons with the literature, let us give the explicit examples of 
N T = 1, 2. 
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Example 1 - Case Nt = 1 

The superconnection \3. 6}) and the expansions \3. 7| - \3. &)) read 

A{x,9) = a(x) + 9ip(x) , E(x, 9) = x(x) + 9cj)(x) , C(x, 9) = c(x) + 9c'{x) . (3.13) 

The BRST transformations of the component fields are 

Sa = -D(a)c, Sip = -[c,ip] - D{a)d , 50 = -[c, 0] - [ X , c') , S X = -[c, X ) - c' , 
Sc = -c 2 , Sc' = -[c,d] 

(3-14) 

As for the super symmetry transformations defined by \3. ty) . we have: 

Qa = ^j,Q^ = 0, g x = 0,Q0 = O, Q c = c',Qc' = 0. (3.15) 
The super curvature components \3.1fy) read 

F(A) = F(a) - 6D(a)ip , 

y = ^ + D(a)x-6(D(a) ( f ) -^,x}) , (3.16) 
$ = <p + X 2 + 9l<p,x] ■ 

Example 2 - Case N T = 2 

The superconnection \3.b}) and the expansions \3. 7| - fXSj) now read (with I = 1,2) 
A(x, 9) = a{x) + 9 I iP I {x) + \9 2 a , E T (x, 9) = X i(x) + 9 I (f> IJ {x) + \9 2 m , 

(3.17) 

C{x, 9) = c(x) + 9 I c I (x) + \9 2 c F . 
The BRST transformations of the component fields are 

Sa = —D(a)c , Sipj = — [c,ipi] — D(a)ci, Sa = — [c, a] — D(a)c F + e IJ [ci, ipj] , 

SXi = ~[c, Xi] - cj , S<p u = -[c, (pu] - e u c F + [xi, Cj) , 

Stli = ~[c, Vi] ~ [cf, Xi] + £ JK [c.j, <Pik] , 

Sc = -c 2 , 5c/ = -[c, c 7 ] , Sc F = -[c, c F ] + \e IJ [c h cj] . 

(3.18) 

The supersymmetry transformations read 

Qia = $i , Q^j = -e/ja , Qia = , 

QiXj = (Pji , Qi<Pjk = -cikVj , QiVj = , (3.19) 
Qic = ci , Qici = €jjc F , Qic F = . 
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The supercurvature components hS.lty) read now 

F(A) = F{a) - e z D(a)fa + \9 2 {D{a)a - \e IJ [fa, fa]) , 
y I = fa + D(a) X i + e J (e u a - D(a)<t> u + [fa, X i]) 

+ \6 2 (D(a) m - e KJ [ip K , faj] + [a, xi]) , (3.20) 

®u = 2 + 4>ji + [Xi, Xj] + K (e IK i]j + e JK r)i + [fa K , xi] + [<I>ik, Xj]) 
+ \0 2 {[xiM + [rii,X.j}-e KL [fa K ^JL})) ■ 

Counting the number of degrees of freedom: 

The numbers of degrees of freedom, i.e. the numbers of component fields - remembering that 
a p-form has D\/\p\(D — pi)] components - are shown in Tabled If we were considering the 



Fields: 


aii-l„(z) 


A{x,6) 


ei,i v ..i n {x) 


E!{x,8) 




C{x,6) 


Numbers 
of fields: 




D 2 Nt 


M N :) 


N T 2 Nt 




2^T 



Table 1: Numbers of component fields. D = space-time dimension, Nt = number of super- 
symmetry generators. 

present theory as a usual supersymmetric gauge theory, with (super)gauge invariance defined 
by the BRST transformations (|3.10p . the number of physical degrees of freedom would be 
given by the total number of components of the forms A and Ej minus the number of 
components of the superghost C. However, considering it as a topological theory we have to 
treat supersymmetry as a local invariance, too, all fields excepted the Yang-Mills connection 
a being ghosts or ghosts of ghosts, as in the example shown in section |21 The SUSY-number 
s is thus a ghost number as well as the usual ghost number 4 g. Thus the effective ghost 
number is equal to s + g and, in the counting of the physical degrees of freedom, we must 
therefore assign a sign (— ) s+9 to the number of degrees of freedom of a field, as shown in 
Table 121 One sees that there is a complete cancellation of the local degrees of freedom, as it 
should in a topological theory. 



3.2 Wess-Zumino gauge 

The contact with the formalism described in section El is made by choosing a special gauge 
fixing [3] of the Wess-Zumino type ^U] • The BRST transformations of the component fields 
can be calculated from the superfield expressions ([3. 10)1 . They are explicitly given, for 

4 s and g are denned by attributing s = g = to the gauge connection a(x), s = 1, g = for the 
supersymmetry genrators Qi - hence s = — 1 to 1 - and s = 0, g = 1 for the BRST generator S. 
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Fields: 








Ej 




C 


SUSY #: 


n 





n + 1 


1 


n 





Ghost #: 














1 


1 


Degrees of 
freedom: 







(-ir +i iv T (^) 











Table 2: Numbers of physical degrees of freedom. D = space-time dimension, = number 
of supersymmetry generators. 

Nt = 1 and 2, by f)3. 1413. 18|) . We shall only write explicitly the linear part - or Abelian 
approximation - of the transformations in the general case, which will be sufficient for our 
argument: 

Sa = -dc-\ , Sa h „j N = -dc h „j N H , 

Sei = -Cj H , Se I:h ,„ lN = -c Ih „j N H , (3.21) 

= • ■ ■ , Sci!...i N = ■ • • , 

where the dots represent nonlinear terms. These transformaions indicate that ej(x) and the 
completely antisymmetric part of the fields eij 1 „j n (x) are pure gauge degrees of freedom. A 
possible gauge fixing is therefore of setting these fields to zero. This defines the Wess-Zumino 
(WZ) gauge: 

ei = , e [7i7l ... Jn] = (1 < n < N T ) . (3.22) 

This fixes the gauge degreees of freedom corresponding to the ghosts ci 1 „j n (1 < n < Nt)- 
The remaining gauge degree of freedom parametrized by the ghost c, which is of the usual 
Yang-Mills type, can be fixed in a usual way. 

The WZ gauge condition ()3.22|) is not stable under supersymmetry transformations, but 
one can redefine the generators Qi into new generators Qj, compatible with the WZ condi- 
tion, resulting from a combination of Qi and of a field dependent supergauge transformation. 
Thus, let us combine an infinitesimal supersymmetry transformation of constant commuting 
parameters e 1 with a supergauge transformation 5\ of anticommuting parameters (fermionic 
superfield) A(x,9): 

Q = e*Qi + S A = e*Qi . (3.23) 

5\ is in fact a BRST transformation (|3.14j) . with C substituted by A. This will define the 
modified supersymmetry generator Qj, provided we choose A in such a way to preserve the 
WZ gauge condition ()3.23|) . It is convenient to rewrite the WZ condition in a superspace 
way: 

6 I E I (x,6)=0, (3.24) 

where Ej is the dO-part of the superconnection ([3.6)1 . We shall denote by Ej the solution of 
this condition, and by erj i / 1 „.j n ] (0 < n < Nt) the components of its ^-expansion - which are 
therefore solutions of (|3.22|) . The latters are tensors with mixed symmetry. Applying Q to 
f|3.24|) we find, after some integration by part in 9: 

Q(9 J Ej) = -9 1 (e J djEj - djC - [C,Ej]) = -e I E I +9 I d I A+d J (e J 9 I E I ) + [9 I E I ,A] , (3.25) 
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which shows that the WZ condition (J3.24J1 is stable if, and only if, A obeys the equation 

7 d/A = e l Ej . (3.26) 

The solution reads 

A = e 7 ^— 6» /l ---6» / -e /lW „(x) , (3.27) 
z — ' n!n 

n=l 

where the functions e^...^^) are the coefficients of the superfield expansion of Ej, solution 

of flurj). 

One can now check that the superalgebra now closes up to field dependent gauge trans- 
formations 5z : 

w J 

[Qi,Qj] = -26 ilJ . 
Physical degrees of freedom in the WZ gauge: 

The numbers of component fields are now given in Table El Remember that the only re- 
maining ghost is c(x), since the c/ 1 ..j n for n > 1 correspond to the gauge degrees of freedom 
which have been fixed. In order to count the physical degrees of freedom we must again take 



Fields: 


a/i-/„ (x) 


A(x,9) 




Ei(x,0) 


c(x) 


Numbers 
of fields: 




D 2 Nt 


( N ^)n 

\ n+l / 


(N T - 1)2 Nt + 1 


1 



Table 3: Numbers of component fields in the WZ gauge. D = space-time dimension, N?> = 
number of supersymmetry generators. 

into account the sign (— ) s+9 characterizing the ghost nature of each field, thus obtaining 
the results shown in Table 0] There is again a complete cancellation of the local degrees of 



Fields: 


a h ...i n (x) 


A(x,6) 


ei,h-i n ( x ) 




c(x) 


SUSY #: 


n 





n + l 


i 





Ghost #: 














1 


Degrees of 
freedom: 


(-l) n D{ N n T ) 





(-l) n+1 (? + + i> 


1 


-1 



Table 4: Numbers of physical degrees of freedom. D = space-time dimension, Nt = number 
of supersymmetry generators. 

freedom, as it should. 

Let us consider more explicitly the cases of = and 1. 
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Example 3 - Case N T = 1 

The WZ gauge condition reads x — 0, we have 

E(x,6) = 6(j)(x) , 

and the parameter A of the compensating supergauge transformation is given by 

A = e 60 . 

In 4 dimensions we recover the Donaldson- Witten theory of section^ In particular, the 
modified supersymmetry transformations are those given by \2.1)) . It is moreover easy to 
check the nilpotency of Q modulo a ^-dependent gauge tansformation 5^: 

Q 2 = 5^ . 

Example 4 - Case N T = 2 

In terms of the component fields defined by \3. 17\ ), the WZ gauge condition reads 

Xi = , <j>u - 4>ji = , 

so that 

1 1 

Ej = 9 J (j) {u) + -9% , with (/J ) = -O/j + <f>ji) . 

The parameter A of the compensating supergauge transformation is given by 

A = e z (eUdJ) + \o 2 m 

and the modified supersymmetry transformations are 

Qia = if)i , Qi^j = -D{a)4>u - e u a , Qia = e JK [faj, ij; K ] + D(a)r]i , 

Qi4>jk = ^ ( e uVK + cikVj) , QiVj = £ KL [4>ik, 4>jl] ■ 
The superalgebra closes on the <fi dependent gauge transformations <5</> (JJ) ■' 

[Qi, Qj) = -2^ (/J) • 

4 Actions 

4.1 Action for Nt = 1 in D-dimensions 
4.1.1 The geometrical sector 

We follow here |H1 IH Ej. In such theories, the action is purely of gauge fixing type, the 
gauge condition being that of zero Yang-Mills curvature - or possibly of selfdual curvature, 
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in four dimensions, as in the original Witten's paper pQ. The "gauge invariance" which has 
to be fixed is the local shift supersymmetry expressed by the nilpotent operator Q (or Q in 
the WZ gauge). For this we have to introduce a Lagrange multiplier field 5 °b° D _ 2 and an 
associated "antighost" ~ 1 b° D _ 2 . In the case of a selfduality condition in D = 4 dimensions, 
both °b° D _ 2 and ~ 1 b° D _ 2 are to be taken as anti-selfdual 2-forms. One has still to introduce 
the Lagrange multiplier ~ 2 0q an d its associated "antighost" ~ 1 i]o in order to fix the zero 
mode of the 1-form field "Antighosts" and Lagrange multipliers transform as 

Q ^D-2 = °^Z)-2 ) Q °^b-2 = ) 

(4.1) 

q ~ 2 <t>°o = -Vo , q -y = o • 

The best way to write down an invariant action is to use the superspace formalism, intro- 
ducing the two "Lagrange multiplier superfields" 

b d-2 - b D _ 2 + V b D _ 2 , <P - (p + r/ , 

corresponding to the transformation rules (J4.1j) . One must impose the anti-selduality con- 
dition P + ~ 1 Bp_ 2 = if one is interested in the instanton configurations (see (jA.6j) for the 
definition of the (anti-) selfduality projectors). An action which fixes local shift supersym- 
metry may be given by the following supergauge invariant and super symmetric expression, 
written as a superspace integral: 

S inv = Tr J d x 9 ( -'By, F(A) + - 2 $° D(A) * *) 

= Tr y ( %° D _ 2 F(a) + D(a) * + D{a) X ) + (-l)^ 1 ~%_ 2 D{a)^ (4.2) 

+ - 2 ^(- D(a)*(D(a)(j>+[^x}) + ^,<^ + D(a)x)})) , 

where * is the Hodge duality symbol. In the second term of the first line, we have used 
the supercurvature component \I> given in (|3.16|) instead of ip f° r the sake of supergauge 
invariance. In the WZ gauge, x = 0, we have 

S inv = Tr /( °b° D _ 2 F{a) + -\° D(a) * i> + (-l) ' 1 D(a)^ 

J N (4-3) 

- ~ 2 4>° D(a)* £>(a)0+[V,*V]) • 

Beyond the zero-mode of the connection superfield A due to super- Yang-Mills invariance 
(|3.10|) . there still remains 0- modes for the (D — 2)-form superfield ~ 1 Bd_ 2 , due to an 
invariance under local transformations of the form 

5 - l B° D _ 2 = D(A) -^° D _ 3 . (4.4) 

Before describing our way of fixing these zero-modes, let us briefly remind of the scheme 
introduced in [Ij. 

5 Recall that the indices p and s in s <^ respectively denote the form degree and the SUSY-number. The 
indice g denotes the ghost number associated to the BRST invariance defined by (|3.9(l - or (12.21) , in the WZ 
gauge. 
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4.1.2 The Blau-Thompson gauge fixing 



The fixing of the zero-modes of ~ X B D _ 2 by the authors of |H1SE] is based on the Batalin- 
Vilkovisky procedure ^2] , adapted to the case where gauge invariance is the shift symmetry, 
with a corresponding system of ghosts for ghosts, antighosts and Lagrange multipliers. The 
result is rather cumbersome and redundant, but the authors of jl] succeeded to construct 
a reduced procedure with a minimum number of fields. The reduced procedure amounts to 
introduce a set of superfields, which we shall denote by 



°C-3, -^°d-4, °C-5, ~ k <, with k = \{l + (-1) D ) , (4.5) 

and to add to the action ()4.2j) the terms 



S BT = Tr J d>6 ( °^_ 3 D(A) * ~ l B D _ 2 + -^_ 4 D(A) * °V° D _ 3 



+ °^ D _ 5 D(A) * - l ^' D _ A +■■■+ - k ^° D(A) * k - 1 ^° 1 ) , 



(4.6) 



which by construction is a Q-variation. If supplemented by a gauge fixing action for the 
Yang-Mills supergauge invariance, the fixing of the zero-modes is complete, propagators are 
well defined and the quantum theory may be calculated. However, the latter is not defined 
unambiguously. This can be seen, at the perturbative level, from the possible occurrence of 
gauge invariant and supersymmetric counterterms different from the terms already present 
in the action. For instance, in D = 4 dimensions, possible such counterterms are given by 
superspace integrals of traces of expressions such as 

°^D(A) ~ l Bl , - 2 $° * * , ~% - 2 $S * $ , - l B° 2 (d - l B° 2 + [E, -^J) , etc. 

(4.7) 

This fact may jeopardize the stability of the theory under radiative corrections. 

Let us remind that there is an alternative way j2], which may be used in the instanton 
configuration case, in D = 4 dimensions. It consists in adding to the action (|4.3|) . instead of 



the terms (|4.6|h a term quadratic in the Lagrange multiplier X B° 



D-2- 



^Tr J dH ( - l B Q 2 * (d 6 - x Bl + [E, - 1 5 2 ])) , (4.8) 

equal to 

^Tr y (°6g * %° 2 + -^blA]) , (4-9) 

in the WZ gauge, and substituting the now auxiliary field °b 2 by its equation of motion 
°b 2 = P_F(a), where P_ is the anti-selfduality projector defined in ()A.6|) . This leads to the 
term 

S H = ^Tr J (P_F(a)) 2 , 
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as pointed out in j2], thus leading to Witten's original action 6 . This alternative way is 
analogous to the way leading from a gauge fixing of the Landau type to one of the Feynman 
type in usual gauge theories. We note that the action Si nv + Sn represents a complete gauge 
fixing, too, since the -BF-type gauge invariance is explicitly broken. Moreover, it is stable 
under the radiative corrections, to the contrary of the action Si nv + Set- However, this 
alternative procedure appears unsuitable for generalization to higher dimension and higher 
sup er symmet ry. 

On the other hand, the reduced Blau-Thompson procedure may be easily generalized to 
higher dimension and higher Nt shift supersymmetry: this has been done in jlj for D = 3 
and 4, Nt = 1 and 2. However the same problem of unstability will persist. 



4.1.3 The super- £>F gauge fixing 

Our proposal is to treat the theory as a supersymmetric theory with supergauge invariance, 
and to eliminate the zero-modes of the superfield _1 5^_ 2 by explicitly using the supergauge 
invariance of the type encountered in topological BF theories and fixing it accordingly to 
the Batalin-Vilkovisky (BV) prescription as in BF theories. Implementing this new 
gauge invariance within the BRST algebra, we first introduce a ghost _1 -B|)_ 3 as well as a 
series of ghosts for ghost ~ x B 9 D _ 2 _ g , g = 2, . . . , D — 2, and the BRST transformation rules 

S -iB%_ 2 = -[C, _J - D(A) _ 3 , 

S- l B' J D _ 2 _ g = -[C, -'B 9 D _ 2 _ g \-D{A)^B^ z _ g (g = l,...,D-3) , (4.10) 

S-iBt 2 = -[C, - l B°- 2 ] , 

where we have incorporated the super- Yang-Mills transformations with superghost C. We 
note that, if the space-time dimension D is greater or equal to 4, these transformations 
hold only on-shell, namely modulo terms linear in the curvature F(A), the latter being an 
equation of motion as a consequence of the action (|4.2|) . Indeed, S 2 = when applied to all 
the fields, except 

S 2 - l B 9 D _ 2 _ a = - [F(A), -^JLJ (g = l,...,D-3; D > 4) . (4.11) 

The transformations as written in (|4.10|) hold in the generic case describing the gauge field 
configurations of null curvature: F(a) = 0. If we are interested in the selfdual configurations 
in four- dimensional space-time, P_F(a) = 0, the Lagrange multiplier superfield ~ l B 2 has to 
be chosen as an anti-selfdual 2-form: 

P+ - l B° 2 = 0, , (4.12) 

6 This point is discussed in jl.'ij together with an argument indicating the equivalence of both versions. 



14 



and the BRST transformations (j4.10|) must be redefined accordingly: 



S - X B* = -IC -^4°] - P_ (D(A) ^S?) , 

S -ifli = -[C, -iflj] - L>(A) -*flg , (4.13) 
5 -^ = -[(7, . 

One readily verifies that on-shell nilpotency still holds, F(A) in (j4.11|) being replaced by 
P_F(A), which is now the relevant equation of motion. 

The fixing of the gauge invariance (|4.4jl is completed through the addition of antighost 
and Lagrange multiplier superfields s C 9 p and s ri|. The ghosts B and antighosts BC form 
together a Batalin-Vilkovisky triangle, whose upper summit is the superfield ~ 1 B° D _ 2 and 
bottom line is made of 0-forms: 

-iRO 
D D-2 

07^ 1 -iri 

^D-3 n D-3 



-17=?° 07^ 2 -1 R 2 

u D-4 °D-4 -°D-4 

~r<~ 1 OT^ 3 -1 r3 

u D-5 °D-5 °D-5 a D—t 



The Lagrange multipliers form a smaller triangle corresponding to the antighost subtriangle: 

°TT° 

-lTTl OTT-1 

xi D-4 1L D-4 

-OttO -1tt2 Ott-2 

1J \D-5 LL D-5 1J \D-5 



The set of BRST transformations given by (|3.1U|) for the connection superfields A and E, 
by (|4.10|) for ~ l B° D _ 2 and its ghosts, is completed by 

S'Cl' 1 = s W p , 5 - 1 I]| = , (4.14) 

for the antighost and Lagrange multipliers, and finally by 

S- 2 <f = -[C, - 2 $S], (4.15) 

the nilpotency property being preserved. Introducing still the antighost and Lagrange mul- 
tiplier superfields C and II for fixing super- Yang-Mills gauge invariance, we are ready to 
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write down a complete action. Since the U BF gauge symmetry" algebra is closed only on- 
shell, one must use the complete Batalin-Vilkovisky setting, including the introduction of the 
antifields, demand that the action solves the master equation, thereby obtaining an action 
involving terms quadratic in the ghosts. This has been done in quite generality for the usual 
BF models [HUB] and will not be repeated here. We shall only indicate the part, written as 
a superspace integral, of the action linear in the ghost fields, which may be obtained adding 
to the invariant action (|4.2j) a BRST variation: 

^(linear part in the ghosts) >Sinv 



-S^JdH [Cd,A + ^.-B» M+ °C^.-^_ 3 

+ Cd-4 d *° C.D-3 + ' ' ' 

+ °n° D _ 3 <i* ->b%_ 2 + "n^d* - 1 BJ,_ 3 + "'n^d* °c D i 3 

— °C D _ 3 d* S 1 Bp_2 — C D _ i d* S 1 Bj D _ 3 — 1 C D _ 4 d* S °C D _ 3 

' (4.16) 

In fact, the dependence in the Lagrange multipliers is exact and completely fixed if one 
imposes, as it may be done in usual gauge theories [Hj, the Landau type "gauge conditions" 



m = d * A ' J^L 3 = D - 2 ' 

which, being linear, are not subject to renormalization. 

For the sake of completeness, let us write the expansions of the various superfields present 
in this action: 

A — a + 9ip , E = X + 9<P, - x B 9 D _ 2 _ g = -%^ g + 9 °b 9 D _ 2 _ g , 
- 2 ^ = ~ 2 4 + 6 - l rf Q , Tl = iT' + 6n, s W p = V)£ + s+1 k 9 p , (4.18) 
s C 9 p = s (c'Y p + 9 s+1 cl . 

Example 5 - Case D = 3 

The BRST operator S is strictly nilpotent, and the complete action reads 

S = Tr ld}e( ~ x Bl F{A) + ^ D(A) * V 

J V _ , x (4-19) 

+ U d* A — C d*SA + °U° d* - l Bl - °C d*S ^B^j , 
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which, in component fields, yields (see A3. 16]) for the 6 -expansion of^f) 
+ - 2 0° ( D(a) * (D(a)<f> - [if>, x]) + + £>(a)x)]) 

(4.20) 

+ 7rd*a + 7r'd*^ + Vgd* ^fi? - °(tt , )8 <i* °&? 
- c d * Sa - c' d * Sip - ^ 1 d*S + °(c') 1 d * S , 
In the WZ gauge \ = 0, this gives 

S = Tr J ( %° 1 F{a) + "^g D(a) * ^ - _1 &S D(a)V> + ~ 2 0o ( * D i a )^ + 

- c d * Sa - c' d * Sif) - x Co 1 d * S + °(c')o 1 d * 5 °&?) , 

(4.21) 

On may observe that the latter action contains the term n'd * if> which, compared with the 
term _1 r^g D(a) * if), shows that the fields re' and ~ 1 i]q are redundant and the quadratic part 
of the action, singular. This redundancy is an artifact of having written the action in the 
WZ gauge, where x = 0. In the super symmnetric gauge yielding the action M.ZMJQ , the field 
~ 1 f]Q also couples to x> an d there is therefore no redundancy. When restricting to the WZ 
gauge, in order to get rid of this redundancy, one has to put it' = 0, too. 

Example 6 - Case D = 4 

Let us consider the case of a selfdual curvature, defined by the anti- self duality condition 
on the B-field and the BRST transformations The action is 

S = Tr ld 1 e( - x Bl F(A) + - 2 $° D(A)*^ 

J V " ' (4.22) 

+ n d * a + °n° d * ~ x Bl - ~ x c Q d* °n° ) + s ghost , 



where S'ghost is the part of the action depending on the fields of ghost number ^ 0, which we 
shall not write explicitly. In component fields , in the WZ gauge x = andJ tt' = 0, this reads 



S = Tr / ( %l F(a) + "^g D(a) * if) + ~ l W 2 D(a)iP + ~ 2 0° ( D(a) * D{a)<j> + [ip * ip]) 
+ nd*a+ VJd* - l bl + V)?^* °b° 2 
-°c° d* V)? - -\cXd* 1 7r?)+5 BMt . 



(4.23) 



7 See the remark at the end of the preceding example. 
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We can see from the actions (j4.19|) and (|4.22|) given in the two examples above, that the non- 
ghost part of the action constructed using the "super- .BF gauge fixing" procedure coincides, 
in the WZ gauge, with the action f)4.2l 14.6(1 given by the Blau-Thompson procedure. In D = 4 
dimensions, for instance, the Blau-Thompson action is given by (|2.5|) and the super-BF like 
action by (|4.23() . They are almost identical, up to changes in the notation: 

Al — > 7T-L , — > J 1 , A — > C Q , - >■ l c Jo ' 

and up to the presence of simple derivatives in the latter action instead of covariant deriva- 
tives in the former one. 

In the latter action the supermultiplets 8 { °(vr')5, and { _1 (c')q, °c$} appear nat- 
urally as Lagrange multipliers and antighosts within the Batalin-Vilkovisky scheme, with 
couplings fixed uniquely by the gauge conditions (|4.17j) . Hence, due to this and to the gauge 
invariance of the BF type defined by (|4.4(1 . the action (|4.22j) is uniquely defined - up to 
an irrelevant renormalization of the superfields ~ l B® and _2 $ ' thus guarantying an un- 
ambiguous quantum extension of the theory. In contrast, { °(vr') ( j ) , 1 7r°} and { _1 (c')o, °Cq} 
appear in the Blau-Thompson approach as independent supermultiplets introduced together 
with their couplings in an ad hoc way, with the consequence that the action (4.7) of [4] is not 
the most general supersymmetric and gauge invariant one. Indeed, forgetting the SF-type 
invariance and the character of Lagrange multiplier and antighost of °n° and _1 C , one 
would have to consider possible (counter)terms involving these fields, such as those given by 
f)4.7(l - in the notation of subsection 14. 1 . 21 - which are gauge invariant, supersymmetric and 
of the same power counting dimension 4 as the action. 

Of course, these considerations apply as well to the general case of an arbitrary dimension 
and also to the models with an arbitrary number of supersymmetry generators considered 
in next subsection 14.21 

Let us also repeat that the action as originally given by Witten P in the 4-dimensional 
case, would correspond to adding to the action (|4.23j) the term 




(4.24) 



and substituting the now auxiliary field by its equation of motion = — P_F(a), 
where P_ is the anti-selfduality projector defined in (|A.6|) . thus leading to the term 

^Tr J (P_F(a)) 2 . 

This would amount to go from a "gauge fixing" of the Landau type for the local shift 
symmetry, to one of the Feynman type. However, such a term ()4.24j) is not allowed in 
our scheme since it is not invariant under the BF type gauge transformation, as we have 
discussed above. 

8 Denoted in equations (4.6, 4.7) of 0] by {V, V>} and {fj, u}, respectively. 
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4.2 Action for Any N T 



The generalization for any number Nj> of supersymmetry generators is straightforward. The 
^-expansions of the superfield components A and Ej of the superconnection A ()3.6|) and of 
the superghost C are given in (J3.71 13. 8j) . Their BRST transformations are given in (J3.91 
I3.1(J|) . The Lagrange multiplier superfields, associated to the zero curvature (or selfdual- 
ity) condition and to the fixing of the zero mode of if)i, read ~ Nt B q d _ 2 and ~ Nt ~ 1 ($> ){], 
respectively. The supersymmetric and supergauge invariant action is given by 



S iQV = Tr J d N -9 ( - Nt B° d _ 2 F(A) + - N ^-\^)° D(A) * , (4.25) 

whith the supercurvature components F(A) and ^ defined by 1)3.12)1 . We shall not spell 
out this expression, nor the following ones, in components. The ghosts and ghosts for ghost 
of ~ Nt B q d _ 2 are shown together with their antighosts in the BV triangle 

D D-2 

-NtT^ or*-" 2 -n t r2 

u £>-4 °D-4 n D-A 



and the corresponding Lagrange multipliers in the triangle 

o n o 

lL D-3 

-N t -tt1 Ott-1 
ii D-4 LL D-4 



The BRST transformations (J4.14) I4.15|) hold, and the total action reads, as much as its 
linear part in the ghost fields is concerned: 

^(linear part in the ghosts) = Tr J d^O ( ~ Nt B%_ 2 F(A) + -^(l^g D(A) *^j + Ud*A 

-C d*sA + °n° ) „3 d * - Nt b° d _ 2 + "ir^ d * - Nt b 1 d _ z + - Nt T1 1 D -4 d * °Co\ 3 

— °C D _ 3 d * S Nt B® d _ 2 — °C D _ 4 d * S Nt B})_ 3 — Nt C d _ 4 d * S °C d _ 3 + ■ ■ ■ j , 

(4.26) 

with F(A) and tyj given by ()3.20|) . The couplings of the Lagrange multipliers are still defined 
by the gauge conditions ()4.17|h with the obvious SUSY-number substitution —1 — > —Nt in 
due place. 
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Example 7 - Case N T = 2, D = 3 

The complete action is 

S = Ti [d 2 e( - 2 B° F(A) + " 3 ($^ D(A) * 

We can write this action in components, in the WZ gauge xi = 0, 4>u — 4>ji = 0, using the 
8 -expansions defined in \3.11 ) and by 



~ l B 9 D _ 2 _ g = b(x) + 6%(x) + l -e%{x) , = p + e J fc + \e 2 ^ F , 

n = 7T + e'm + \e 2 n F , °n° = * + e 1 ^ + l -e 2 n' F , 

_ 



(4.28) 



The result is, restricted to the quadratic terms: 

Sqaadv = — Tr / (bf(a) - e IJ b I d4j J + bda + (fipd * ipj + £ JK 4>jd * (ejja + dcpjj) + fid * dr]j 
+ ir F d * a + e /J 7T/(i * ipj + nd * a + ir F d * b + e I J irjd * bj + Tr'ci * 6 ) . 



(4.29) 

y4s m t/ie iVy = 1 case, one has redundancy in some of the fields, which must be eliminated 
by putting n = ttj = 0. 

One can see that this action - like in the examples [3| and - also corresponds to an 
action written by Blau and Thompson (eq. (4-5) of 



5 Examples of Observables 

It has been shown in [7j that all the observables for = 1, defined as BRST cohomology 
classes of supersymmetric field polynomials, are given from the Chern classes associated 
to the superconnection A (IH.fjjl . and that the result is equivalent to the result of Witten 
given in subsection 12.21 We shall give here the generalization for any value of Nt, however 
without proving that this still gives the complete set of observables The observables 
are completely determined from the general solution of the superdescent equations 

sCi D + dCi 1 ^ = o , sn 1 D _ 1 + dti 2 D _ 2 = o , ••• , s(i£ = o. (5.1) 

where CId(x,9) are superforms of ghost number and superform degree D which are non- 
trivial elements of the cohomology H(s\d) of S modulo d in the space of the superforms, 

sCl = (modulo d) , but (l ^ 5$ (modulo d) . 
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Expanding Q Nt Qd = (dg) t CId according to the space-time form degree p: 

D 

Q N m D = J2 w P;h...in- p dO h • --de 1 "-* , (5.2) 

p=0 

one identifies the space-time forms w p as the desired solutions. Indeed, 

Sw p (x) = (modulo d) (n > 1) , Qwq(x) = , 

which follows from applying the operator Q Nt to the first of the superdescent equations (j5.1j) . 
and using the identities Q Nt d = Q Nt d = (—1) Nt dQ Nr , which are direct consequences of 
the definitions. 

The general result for (j5.1|) is [7 

L 

n D = 6g s (A)f r2 (F)---f rL (F) , with D = 2j2m n -l, L>1, (5.3) 

i=l 

where f r {F) is the supercurvature invariant of degree m r in F corresponding to the gauge 
group Casimir operator of degree m r , and 9^ S (A) is the associated super-Chern-Simons form: 

d9^{A) = f r (F) . (5.4) 

We note that the superform degree of the solution (|5.3jl is odd. 

Example 8 — Maximum degree D = 3 

The superdescent equations read as 

SQ 3 + dVL\ = , SQ\ + dQj = , S&l + dCl* = , SQ 3 Q = . 
The unique nontrivial solution is 

tt 3 = Tr {Ad A + I A 3 ) , Cll = Tr (AdC) , ttj = Tr (CdC) , fig = -| Tr C 3 . 

Note that Cl 3 is the Chern- Simons superform associated to the quadratic Casimir operator of 
the gauge group. Following \5.1\) we get, for Nt = 1 

w = Tr ((f) 2 + 2<p X 2 ) , w x = 2Tr (</>0 + ^ X 2 + <pD(a) X ) , 

(5.5) 

w 2 = Tr (4) 2 + 2(f)F(a) + 2ipD(a)ax) , w 3 = 2Tr (tpF(a)) . 

The observables are the integrals of these forms (and ofTYF(a) 2 ) on closed submanifolds of 
appropriate dimension. 

In the Wess-Zumino gauge x = 0: 

w = Tr (<f) 2 ) , wx = 2Tr (if><f>) , w 2 = Tr (2<j>F(a) + ip 2 ) , w 3 = 2Tr {ipF(a)) 
which corresponds to Witten's result up to total derivatives. 
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For Nt = 2 we obtain (in the WZ gauge xi — 0, 4>[u] = 0) : 
w = 2Tr r)(i(f>j K ) , 

wi = Tr (2a0 (/J) + 2^(/^j) + e KL (j)^\ K D{a)(l) L \j)) , 
w 2 = 2Tr (a^ 7 + ^(a)^ + e JK fajD(a)ij K ) , 
w 3 = Tr (2aF(a) + e IJ ip I D(a)^ j). 



6 Absence of Radiative Corrections 

The Feynman rules in the general case are deduced from the action (j4.26j) . It is useful to 
work directly in superspace. The nonzero superpropagadores are 

(A(l), - Nt B° d _ 2 (2)) , (A(1),II(2)) , (C(1),C(2)) , 

(Eii 1 ), - iVT - 1 ($^(2)) , (^(i),n(2)), 

( - NT B 9 D ^ 2 (l), n^_ s _3(2)) , ( - NT B 9 D _ g _ 2 (l), °C D 9 _ g _ 2 (2)} (g>0), 

( C7- 9 -2(l), - NT ^ g _. A (2)) (g > 1) , (6.1) 

( -^-,-4(1), °n^ ff _5(2)) , ( -^^-4(1), °n D V 3 (2)) (<? > 0) , 

( °C D 9 _ 9 -^\ - NT n 9 D _ g _ 5 (2)) , ( °C D 9 _ g _ 4 (l), - NT U%_ g ^(2)) (g>0), 
etc. , 

where we are using the notation <p(n) for ip(x n ,8 n ). With one irrelevant exception shown 
hereafter, all these propagators have as factor a #-space ^-function (61 — 9 2 ) Nt . For instance, 
the first one reads 

- N -Bl.. UD 2 (2)) ~ A- 1 e, ul ... VD _ 2P d"S(l,2) , (6.2) 

up to some numerical factor, where A -1 is the inverse of the Laplace operator A = *d * d + 
d * d*, and 



'_1 Wt+1 

5(1, 2) = 5 D (x! - s 2 ) V ,| = (6 1 - 9 2 ^ 



is the (.D, A^r)-superspace Dirac distribution. The exception is the propagator 

(Ej(l), H(2))~A- 1 A<5(1,2), (6.3) 

which is of degree N^ — l in 9\ — 6* 2 . However the latter does not contribute to any 1-particule 
irreducible (1PI) graph since the Lagrange multiplier superfield II has no interaction in virtue 
of the gauge conditions (|4.17j) . 



22 



Now, repeating a well known argument of superspace diagrammatic [TU1 ITO] , we observe 
that, since all contributing propagators have a factor (9 m —9 n ) T , the integrant of a nontrivial 
1PI graph with N vertices will be homogeneous of degree iV x Nt in the differences 9^ — 9^. 
On the other hand, having N x Nt independent Grassmann coordinates, we can only form 
(N — 1) x Nt independent differences. Hence, due to the anticommutativity of the #'s, the 
integrant will vanish. We thus conclude to the complete absence of radiative corrections. 



We have developped a general scheme, based on superspace formalism, which allows for a 
systematic construction of topological Yang-Mills theories for arbitrary numbers of shift su- 
persymmetry generators and space-time dimensions. The main advantage of this scheme, 
beyond its systematic character, is that it leads to an unambiguous determination of the 
respective actions, thanks to the introduction of a BF theory type supergauge invariance, 
which has been fixed accordingly to the Batalin-Vilkovisky prescriptions. Moreover, the 
ultraviolet finiteness - in fact the absence of radiative corrections - follows, in the supersym- 
metric gauge fixing we have chosen, directly from the superspace Feynman rules. 

Acknowledgments. We thank Jose Luis Boldo, Frangois Gieres, Jose Helayel Neto, 
Matthieu Lefrangois and Jose Alexandre Nogueira for many useful discussions. 



Appendices. Notations and Conventions 
A Differencial calculus 

Here, "space-time" is an arbitray D-dimensional smooth manifold, equipped with a Rie- 
mannian background metric (g^v), of determinant g > 0. Space-time objects are differential 
forms such as a = a^dx 11 , etc. We shall call an object even or bosonic (respectively, odd or 
fermionic) if it obeys to commutation (respectively, anticommutation) relations. 

The bracket [•, •] in general denotes the graded bracket 



The fields (forms, superfields, etc.) appearing in this paper are all taken in the Lie algebra 
of the gauge group G, which we assume to be compact. A field <p is then a matrix ip a r a , 
where the generators r a obey the Lie algebra commutation relations and trace property 



7 Conclusion 



[X, Y] = XY + YX if both X and Y are odd, 
[X, Y] = XY — YX otherwise. 



(Al) 



[Ta,Tb] = fab C T c 



Tr T a r b = 25 ab . 



(A.2) 
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The Hodge dual of a p-form u is the (D — p)-form *uj defined by [T7] 

( D - P y. (A3) 

where w w ... MD _ p = — e^...^^^ 1 -^ . 

Here and elsewhere in the text, the wedge product symbol has been omitted. Moreover, the 
background metric {g^), as well as the totally antisymmetric tensor of Levi-Civita: 

e Ml ... to = ■ ■ ■ g^ D v D e Ul ~ MD , e x - D = 1 , e XmD = g . (A.4) 

The following formulas are quite useful [T7j: 

* *lu p = (-l) p{D ~ p) u p , cj p *0p = <p p *uj p . (A. 5) 

Since the Hodge star operator maps a form of degree p to a form of total degree D — p, 
it represents an even operator if the space-time dimension D is even and an odd operator 
otherwise. For D = 4, a self dual or anti-selfdual 2-form u; 2 is defined by the condition 
*u 2 = ±u>2- Projectors on selfdual or anti-selfdual 2- forms are given by 

P±=±(l±*). (A.6) 



B Nt- supersymmetry and superspace 



(D, Ar)-superspace bosonic coordinates are denoted by x M , fi — 0, . . . , D — 1, the fermionic 
(Grassmann, or anticommuting) coordinates being denoted by 6 1 , I — 1, ... , Ay. The Ar 
supersymmetry generators are represented on superfields F(x, 6) by 

Q I F = d I F^^ J F, 

where, by definition, 8k0 j = 5 J K . Further conventions and properties about the ^-coordinates 
are the following: 

n t = e h ... lNT 6 h ■ ■ ■ 6 In t =N T \6 1 --- Nt , 
(de) NT = e^rdj, ■ ■ ■ d lNr =N T \d 1 --- d NT , 
(d ) NT 9 NT = -(A T !) 2 , 
where £ Ji "" Jjv t is the completely antisymmetric tensor of rank N?, with the conventions 

e l-N T = 1 j ^ ^ T = { _ 1)Nt+ 1 eh -I NT 

One may define the conserved supersymmetry number - SUSY number - attributing the 
value 1 to the generators Qi, hence —1 to the #-cordinates. The SUSY number of each field 
component is then deduced from the SUSY number given to each superfield. 
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Superspace integration of a superfield form Q p (x, 9) is defined by integrals 

f d NT 9 Q p (x, 9) = I [ d NT 9 Q p (x, 9) , 

where the x-space integral is made on some p-dimensional (sub)manifold M p , and the #-space 
integral is the Berezin integral defined by 

I d NT 9 ■■■ = -—L-(d e ) NT ■■■ , such that [ d Nr 9 9 Nt = 1 . 

J {N T iy j 

In the specal case of N T = 2, the antisymmetric tensors e IJ and e IJ may be used for 
raising and lowering the indices: 

9j = ejj9 J , 9 1 = e IJ 9j , e/j = — e IJ , e 12 = 1 , e IJ ejK = $k ? 

and one has the useful formulas 

9 2 = 9 T 9: = -9j9\ 9'9 J = - X -t IJ 9 2 , 9j9j = l -t 1J 9 2 . 

N T = 1 and N T = 2 superfields have the conventional expansions 

9) = <f>(x) + 9<f)'(x) (N T = 1) , 

9) = <f)(x) + 9 I (f) I {x) + U 2 <p F {N T = 2) . 
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